Abstract. An overview over some aspects of the Fučiík spectrum are given, in particular in the situation when the problem is invariant under some compact group action. Some recent results concerning the complexity of the Fučiík spectrum are discussed, and some open problems are stated. In the final section, based on the mentioned structure of the Fučiík spectrum, a new multiplicity result for a related equation with asymptotic interference with the spectrum is given.
Introduction
In this article we first review some recent results on the structure of the so-called Fučik spectrum -a nonlinear spectrum associated with the Laplacian. Consider the following simple nonlinear elliptic equation:
(1.1)
where Ω ⊂ R N is a bounded domain, u + := max{u, 0}, u − := max{−u, 0}, with λ, μ ∈ R, and Bu = 0 denoting suitable homogeneous boundary conditions. The Fučík spectrum is defined as the set Σ = {(λ, μ) ∈ R 2 : (1.1) has a nontrivial solution}
The study of such type of equations goes back to S. Fučík [17] and E.N. Dancer [11] , who introduced this spectrum, first in the study of the corresponding ODE 
they are easily obtained, since u + and u − satisfy linear equations, whose solutions are explicit. The above formulas are then obtained by matching the derivatives of u + and u − .
These branches constitute together the complete Fučík-spectrum:
Figure 1: The Fučík spectrum
The Fučík spectrum has some important applications. First recall that the linear eigenvalues −u = λ u , u(0) = u (1) , u (0) = u (1) , correspond to the (stationary) solutions of an oscillating system (say a string).
Figure 2: Linear oscillations
Similarly, the Fučík-spectrum corresponds to oscillations of an asymmetric system, where different reaction forces act in the positive and the negative direction.
Very interesting applications of this equation to the oscillations of suspension bridges have been given by Laser-McKenna in several influential papers, see e.g. [20] . 
The Fučík-spectrum for PDE's
The Fučík-spectrum for corresponding partial differential equations is much more delicate, and much less is known. Consider the equation • Σ is a closed set
• the (trivial) lines {(λ, λ 0 ), λ ∈ R} and {λ 0 , μ), μ ∈ R} belong to Σ
• Σ does not contain points with: λ < λ 0 or μ < λ 0
C is composed of a lower curve C lo and an upper curve C up ; both curves are decreasing, and may be coincident (see Ruf [30] , Gallouet-Kavian [18] for the situation of a simple eigenvalue λ k , and Magalhães [22] and Schechter [32] for the case that λ k is a multiple eigenvalue.
• other points in Σ ∩ (λ k−1 , λ k+1 ) 2 can only lie between the curves C lo and C up ; in particular, in the squares (λ k−1 , λ k ) 2 and (λ k , λ k+1 ) 2 there are no points of Σ).
• lowest part of the continuum Σ 1 departing from (λ 1 , λ 1 ), i.e. the "first nontrivial curve" in Σ. A global variational characterization of this set has been given by de Figueiredo-Gossez [15] . Figure 4 : The Fučík spectrum near a higher eigenvalue
Generalizations of the Fučík spectrum to other type of equations
The above results have been generalized in various directions, which we indicate below together with some bibliographic references.
Second order equations with variable coefficients:
For the case N = 1, we refer to Drábek [14] , Arias-Campos [2] , Rynne [31] , ReichelWalter [29] ; Alif-Gossez [1] considered the N -dimensional case, and with indefinite coefficients m and n.
Quasilinear equations with p-Laplacian:
The analogue of the Fučík spectrum for the p−Laplacian takes the following form:
The case N = 1 was treated by Drábek [14] ; in the N -dimensional case, Cuesta-de Figueiredo-Gossez [10] characterized the first curve in the Fučík spectrum, Perera [28] considered the general case (higher order branches), Arias-Campos-CuestaGossez treated the case with a and b variable [3] and indefinite [4] .
Equations with higher order differential operators:
Campos-Dancer [7] studied the fourth-order ODE, Massa-Ruf [26] obtained results for the problem in N dimensions, as a special case of a system of 2nd order equations.
Fučík-spectrum for elliptic systems:
This system of equation was studied by Massa-Ruf in [26] . A complete description of the Fučík spectrum for the corresponding system of ODE's was given, and in [27] the system of PDE's was studied.
Variational characterization of Σ
In many applications it is very useful to have a variational characterization of the Fučík-spectrum. In general, this is not easy to obtain due to the asymmetric structure of the equation. We note however that de Figueiredo-Gossez [15] gave a global variational characterization of the first non-trivial curve of the Fučík spectrum. For other variational results see also Perera [28] , and Massa [24] .
It has been observed in [16] that if the equation has an additional symmetry, then a variational structure may be naturally available.
Consider again the ODE with periodic boundary conditions:
The corresponding functional is invariant under the S 1 -action given by the timeshifts:
Using the geometric S 1 -index by V. Benci [6] one obtains for every k ∈ N a minimax-characterization of critical values c k , k ∈ N, which corresponds to the k-th Fučík eigenvalue, see de Figueiredo-Ruf [16] . In particular, this allows to give a variational characterization of the complete Fučík spectrum.
The Fučík-spectrum Σ ⊂ R 2 of −Δ on the torus
Consider now equation (2.1) on the flat two-dimensional torus
An important feature of this problem is its invariance under the compact group action
Denoting by
then F is equivariant under the action of G, i.e.
Note that the linear eigenvalues of −Δ on T 2 are explicit:
Explicit branches in Σ.
Using the structure of the torus, we can prove:
given by:
Thus, the explicit Fučík branches on the torus T 2 look just like in Figure 1 .
, use the change of variables
with k, j ∈ N mutually prime
Variational branches in Σ.
As we already mentioned, it is desirable to have a variational characterization of the Fučík spectrum. For this we need an index for the torus-group T 2 . Such an index is available due to the work of W. Marzantowicz [23] and T. Bartsch [5] , who introduced an index for general compact Lie-groups.
A general G-index. Let G be a compact Lie group and A a separable metric G-space; the action of a group element g ∈ G on an element a ∈ A is denoted by g · a. The fixed point set of G on A is
where [A G , S n ] denotes the set of all homotopy classes of maps from A G to S n and * denotes the class of those homotopic to a constant. Now, consider all representations V of the group G such that
Main properties of the G−index (see Marzantowicz [23] , and Massa-Ruf [25] ):
.
2) In particular, if
In what follows, we will consider the natural action of the group G = T 2 on the space
Observe that the fixed point set H G consists of the constant functions in H, and hence it corresponds to the one-dimensional eigenspace of the eigenvalue λ 0 .
Using this G-index, more precisely the T 2 -index, we can prove Proof. With the help of the above index, one proceeds in the usual manner to obtain critical values: for μ ≥ 0 one sets
and one defines the classes of sets
Then one sets
By the following proposition the values λ k are critical values. Proof. The proof proceeds by the following steps: 1) J| ∂B is G-invariant, and satisfies the PS-condition 2) for each k ≥ 1: Γ k = ∅, and λ k (μ) is well-defined
and suppose that λ k (μ) is not critical: then by the G-equivariant deformation lemma in ∂B
where η is an equivariant homeomorphism satifying η(±φ 0 ) = ±φ 0 ; thus, η(A ε ) ∈ Γ k , and hence we have a contradiction.
To complete the proof of Theorem 5.3, note that critical points of J μ at level λ k (μ) correspond to nontrivial solutions in H 1 (T 2 ) of the equation
and hence
Finally, note that μ = 0 ⇒ λ k (0) = λ k , and hence Σ Answer: for certain eigenvalues they do coincide initially.
Indeed, adapting the result of Magalhães [22] and using the group invariance, one has this follows immediately from the formula
On the other hand, we have: 
Proof. We construct sets A μ with G-index
For this we start with a continuous function
and such that
note that such a construction is impossible in dimension 1, but it is possible in dimensions N ≥ 2.
Next, we use the topological construction of "join" (more precisely, a k-fold join), and apply a topological result of Monica Clapp [8] to show that the resulting set A μ satisfies indeed
Finally, one shows that:
by suitable estimates.
Hence, we conclude that many branch crossings must occur! Indeed: every explicit curve Σ Proof. The classical tool for bifurcation is degree-theory. To treat the general case, we would need a T 2 -equivariant degree theory.
However, on the first branch Σ expl 1
we can take advantage of the fact that the solutions depend just on one variable. Exploiting this symmetry, one can reduce the problem to a Neumann problem on the domain
We can write this as the following equivalent problem: look for solutions of
We are interested in bifurcations from known solution, i.e. solutions with (λ+μ, λ) ∈ Σ expl 1,0 . We define a continuous function
and u μ are the related explicit solutions with u μ L 2 = 1. We have the following sufficient condition for bifurcation:
0 is a simple eigenvalue of the derivative
This is equivalent to the following condition: σ = 0 is an eigenvalue with multiplicity 2 of
where χ u μ denotes the characteristic function of the set {u μ > 0}, λ μ is such that (as seen above), and then, at the first branching point, it will follow the branch of secondary bifurcation (going asymptotically to zero).
Figure 7: Secondary bifurcation of Fučík branches
Furthermore, we can also state the following:
Theorem 5.9. The secondary bifurcations on the first branch Σ 1 are symmetry breaking.
Proof. The solutions on the first explicit curve depend on a single variable, and hence have a S 1 -symmetry. On the other hand, the solutions on the secondary bifurcation branch break this symmetry (otherwise they would lie on Σ expl 1 ), and hence their orbit is homeomorphic to the full group T 2 .
Open Problems.
• give a global description of the complete Fučík spectrum
• are all Fučík-eigenvalues variational ?
In the following Figure 8 we give a possible global structure of the Fučík-spectrum which would permit that the whole Fučík spectrum is variational: as we know, the first variational branch Σ , until it encounters the next bifurcation point b 1,2 where it separates again from the explicit branch and converges asymptotically to zero, and so on. We emphasize that this is just a possible structure, and in view of our results probably the simplest possible structure -however, the Fučík spectrum might also be much more complicated... −Δu = αu
where t > 0 is a given constant forcing term.
Note that equation (6.1) has the "trivial" solution u = t α =: s t . We write u = v + s t , and equation (6.1) as
which is equivalent to
here v = 0 corresponds to the trivial solution u = s t . We look for nontrivial solutions of (6.2) and hence of (6.1). In this section we write the eigenvalues λ k repeated according to half of their multiplicity. [21] which says that if a nonlinearity crosses asymptotically the first k eigenfunctions, then the corresponding equation has at least 2k nontrivial solutions. Indeed, the nonlinearity g(r) :
and so it crosses indeed the first k non-trivial eigenvalues, see also Remark 6.5 below.
2) It is interesting that a constant forcing term has the effect of generating multiple solutions. It is this effect which plays a fundamental role in Lazer-McKenna's treatment of the suspension bridge model [20] , where the constant force given is a constant wind blowing against the bridge.
Proof. Consider the functional
Clearly, the functional J :
and it is invariant under the torus group T 2 . We apply the following theorems which are a generalizations of Theorems 8 and 9 in the article [9] by D.C. Clark, generalized to the context of the torus group T 2 : The functional J defined in (6.3) is invariant under the torus group G = T 2 . Furthermore, it satisfies the (PS)-condition. Indeed, suppose that (v n ) ⊂ E is a (PS)-sequence, i.e. such that
We first show that v n is bounded in H. Assume to the contrary that v n → ∞. Dividing (6.6) by v n and settingṽ n := v n v n we have (for a subsequence)ṽ n ṽ in H andṽ n →ṽ strongly in L p , p ≥ 1. Choosing ϕ = v n in (6.7) and subtracting it from 2J(v n ) we get
Dividing by v n we get in the limit (6.8)
Next, we choose ϕ = 1 in (6.7) and divide by v n
thus we see that T 2ṽn → 0 and by (6.8) that T 2 |ṽ n | → 0, and henceṽ = 0. Finally, by (6.7)
we get a contradiction, since 1 = ṽ n 2 = T 2 |∇ṽ n | 2 +|ṽ n | 2 . Thus, {v n } is bounded. From this follows in a standard way that there is a convergent subsequence in E.
Next, we verify condition (6.5).
Claim: If
Let H k be the 2k−dimensional space spanned by the eigenfunctions corresponding to the eigenvalues λ 1 , . . . , λ k . We show that the sublevel set J a contains a T 2 −invariant set homeomorphic to a 2k−dimensional sphere, for some a > 0. Indeed, since on the 2k−dimensional space H k all norms are equivalent, there exists a constant c k depending only on k such that v ∞ ≤ c(k) v L 2 for all v ∈ H k , and hence T 2 |(v + s t ) − | 2 = 0 for v ∈ B δ ∩ H k with δ > 0 sufficiently small, where B δ is the L 2 −ball of radius δ. For this δ we have (6.9) 
